In this paper, we introduce a proof system with a non-compact deduction rule, that is, a deduction rule with countably many premises, to axiomatize the logic GL of provability, and show its Kripke completeness in an algebraic manner. As GL is not canonical, a standard proof of Kripke completeness for GL is given by a Kripke model which is obtained by changing the binary relation of the canonical model, while our proof is given by a submodel of the canonical model of GL which is obtained by making use of an infinitary extension of the Jónsson-Tarski representation. We also show the three classes of algebras defined by ✷x ≤ ✷✷x and one of the following three conditions, n∈ω ✸ n 1 = 0, the non-compact deduction rule and the Löb formula, are mutually different, while all of them define GL.
Introduction
In this paper, we discuss a proof system NGL with a non-compact deduction rule, that is, a deduction rule with countably many premises, to axiomatize the logic GL of provability, and show Kripke completeness of it by means of algebras.
The non-compact deduction rule for the logic of provability is introduced in [10] in Gentzen-style to give a cut-free system for a predicate extension of GL, and Kripke completeness of the system is also proved in [10] , by using Henkin-construction. Although Kripke completeness of NGL follows from [10] , we give another proof of Kripke completeness of NGL in an algebraic manner. It is well known that Kripke completeness of many kinds of modal logics follows from the Jónsson-Tarski representation by using the canonical frame which is obtained naturally from it ( [6, 7, 3, 1] ). Our proof is given in the same way: The only difference is that we use an infinitary extension of the Jónsson-Tarski representation and a subframe of the canonical frame obtained from it, instead of the Jónsson-Tarski representation and the canonical frame. As GL is not canonical, that is, the canonical frame of GL does not characterize GL, most proofs of Kripke completeness of GL is given by a Kripke frame defined by changing the binary relation of the canonical frame (see, e.g., [2, 5, 1] ). On the other hand, we make use of a subframe of the canonical frame which is defined naturally from the infinitary extension of the Jónsson-Tarski representation, to obtain a Kripke frame which characterizes GL.
As the embedding given by the Jónsson-Tarski representation does not preserve infinitary meets nor joins in general, infinitary extensions of it is used to discuss logics such as predicate modal logics, infinitary modal logics or non-compact modal logics ( [11, 9] ). In [11] , an infinitary extension of the Jónsson-Tarski representation is introduced and Kripke completeness of some predicate logics and infinitary logics are proved, and in [9] , Kripke completeness of some non-compact modal logics are proved by making use of the representation theorem of [11] . We discuss GL as a kind of non-compact modal logic. We introduce another infinitary extension of the Jónsson-Tarski representation for the modal algebras which satisfy n∈ω ✸ n 1 = 0. In fact, our representation theorem can be applied to some algebras to which the representation theorem in [11] cannot be applied. By the infinitary representation theorem, we show that NGL is Kripke complete and that it is a proof system for GL. We also show the classes of algebras defined by ✷x ≤ ✷✷x and one of the following three conditions, n∈ω ✸ n 1 = 0, the non-compact deduction rule and the Löb formula, are mutually different, while all of them define GL.
The construction of this paper is the following: In Section 2, we fix definitions and notations for basic concepts of modal logic. In Section 3, we introduce the infinitary extension of the Jónsson-Tarski representation. In Section 4, we introduce the system NGL and the non-compact deduction rule and show Kripke completeness of NGL.
Preliminaries
The language consists of the following symbols:
(1) countable set Prop of propositional variables;
(2) constant symbol ⊤;
(3) logical connectives ∧; (4) modal operator ✷.
The set Φ of formulas is the smallest set which satisfies the following conditions:
⊥, φ∨ψ and φ ⊃ ψ are abbreviations for ¬⊤, ¬(¬φ∧¬ψ) and ¬(φ∧¬ψ), respectively. ✸ is an abbreviation for ¬✷¬, and for each n ∈ ω, ✷ n and ✸ n denote n-times applications of ✷ and ✸, respectively.
A Kripke frame is a pair (W, R) of a non-empty set W and a binary relation R on W , and a Kripke model is a three tuple (W, R, v) where (W, R) is a Kripke frame and v is map from Prop to W .
Let M = (W, R, v) be a Kripke model and φ a formula. We recursively define the condition that a formula φ is true at a world w ∈ W , which is written in M, w |= φ, as follows:
Let φ be any formula. φ is said to be true at a Kripke model M = (W, R, v), which is written by M |= φ in symbol, if every world w ∈ W satisfies M, w |= φ. φ is said to be true at a Kripke frame F = (W, R), which is written by F |= φ in symbol, if for every v : Prop → W the Kripke model M = (W, R, v) satisfies M |= φ. φ is said to be true at a class C of Kripke frames, which is written by
Let F = (W, R) be a Kripke frame and w = w 0 ∈ W . We say that the height from w is finite, if the supremum of the length of lists w 0 , w 1 , . . . , w n ∈ W such that (w i , w i+1 ) ∈ R is finite. A Kripke frame F = (W, R) is said to be of locally finite height if for any w ∈ W , the height from w is finite. We write LF for the class of transitive Kripke frames of locally finite height.
Some properties of modal algebras
Definition 3.1. An algebra A; ∨, ∧, −, ✷, 0, 1 is called a modal algebra if it satisfies the following conditionsF (1) A; ∨, ∧, −, 0, 1 is a Boolean algebraG (2) ✷1 = 1 and for any x, y ∈ A,
Let A, B be modal algebras. A map f : A → B is called a homomorphism of modal algebras if it is a homomorphism of Boolean algebras and satisfies f (✷x) = ✷f (x) for any x ∈ A. An injective homomorphism is called an embedding.
For each Kripke frame F = (W, R), we write Alg(F ) for a modal algebra
where ✷ F is a unary operator on P(W ) defined by
for any X ⊆ W . (1) F = (W, R) is a frame of locally finite height.
(2) n∈ω ✸ F n 1 = 0 holds in Alg(F ).
⇔ the height from w is not finite. 
for any x ∈ A. Then, η A is an embedding of modal algebras which satisfies
Proof. It is easy to check that η A is a homomorphism of Boolean algebras. By Theorem 3.5, η A is injective.
(2) follows from the definition of Q-filter and (1), as follows:
The modal operator ✷ distributes over the infinitary meet of (1), whenever (1) holds.
Theorem 3.7. Let A be a modal algebra such that n∈ω ✸ n 1 = 0. Then, for any natural number k ∈ ω and any x 1 , . . . , x k ∈ A,
Proof. Take any k ∈ ω. It is clear that the right hand side of (3) is a lower bound. Suppose that there exists y ∈ A which satisfies
for any n ∈ ω and
Let Q = {{✸ n 1 | n ∈ ω}}. By Theorem 3.5, there exists a Q-filter F of A such that y ∈ F and
By n∈ω ✸ n 1 = 0, there exists m ∈ ω such that ✸ m 1 ∈ F . Since ✸1 ≤ 1 and ✸ is order preserving, ✸ n+1 1 ≤ ✸ n 1 for any n ∈ ω. Hence, ✸ m+k+1 1 ∈ F . Then,
and (4), ✷ (x k+1 ∨ ✷(x k ∨ · · · ✷(x 2 ∨ ✷x 1 ) · · · )) ∈ F, which is contradiction.
For countable modal algebras, Theorem 3.6 follows from Theorem 3.7 and the following theorem ( [11] ). Theorem 3.8. ( [11] ). Let A be a modal algebra and Q a countable subsets of P(A) which satisfies the following conditions:
However, there exist modal algebras which satisfy n∈ω ✸ n 1 = 0 but not the conditions in Theorem 3.8. Let G n be Kripke frame (ω, >) for any n ∈ ω and F the disjoint union of {G n | n ∈ ω} (Figure 1 ). Then, Alg(F ) satisfies n∈ω ✸ n 1 = 0 but not the conditions in Theorem 3.8.
Non-compact deduction rule for GL
In this section, we introduce a proof system NGL, which includes a non-compact deduction rule, and show that it is a proof system for the logic GL of provability.
GL is the smallest normal modal logic which includes K and the Löb formula ✷(✷p ⊃ p) ⊃ ✷p. Let FI be the class of finite, irreflexive and transitive Kripke frames, and CW the class of conversely well-founded and transitive Kripke frames. It is known that GL is sound and complete with respect to both FI and CW. As FI ⊆ LF ⊆ CW, GL is sound and complete with respect to LF.
The axioms of NGL are all classical tautologies and ✷p ⊃ ✷✷p. The inference rules of NGL are modus ponens, uniform substitution, generalization and the following non-compact deduction rule:
The rule non-compactness has countably many premises. It is introduced in [10] in Gentzen-style to give a cut-free system for a predicate extension of GL. If a formula φ is derivable in NGL, we write ⊢ NGL φ. A derivation rule is said to be true at a Kripke frames F or at a modal algebra A, whenever if every premises of the rule is true at F or at A, then the conclusion of it is true at F or at A, respectively. Let C be a class of Kripke frames or modal algebras. A derivation rule is said to be true at C, if it is true at every member of C.
We show that NGL is a proof system for GL; that is, we prove that
It is enough to show that NGL is sound and complete with respect to LF. The completeness part follows from Theorem 3.6, from which a subframe of the canonical frame of GL which characterizes GL is obtained.
Proof. Induction on the height of derivations. We only show the case for the last rule is non-compactness. Take any formula φ, and suppose that
Then, by (7) , (F, v), w |= ✸ n ⊤ for every n ∈ ω. Then, the height from w is not finite, which is contradiction.
Proof. Define a binary relation ∼ on the set of all formulas by
Let A be the quotient algebra of the set of all formulas modulo ∼. Then, , where η A is the embedding given in Theorem 3.6. Then, for any formula ψ and any F ∈ F Q (A),
holds. Suppose that φ is not derivable in NGL. Then [φ] [⊤], and therefore,
As a Q-filter is a prime filter, Frm Q (A) is a subframe of the canonical frame of GL, and by Theorem 4.1 and Theorem 4.2, Frm Q (A) characterizes GL; that is,
holds. However, to prove (6) only, Q-filters are not necessary; it is enough to show the following: Theorem 4.3. Let A be a modal algebra such that ✷x ≤ ✷✷x holds for any x ∈ A. If non-compactness is true at A, then ✷(✷x→x)→✷x = 1 holds for every x ∈ A.
Proof. Take any modal algebra A which satisfies ✷x ≤ ✷✷x for any x ∈ A. We first show that − (✷(✷x→x)→✷x) ≤ ✸ n 1 holds for any n ∈ ω and any x ∈ A. Suppose not. Then there exists x ∈ A and n ∈ ω such that (8) − (✷(✷x→x)→✷x) ≤ ✸ n 1.
Take the smallest n ∈ ω which satisfies (8) . Then, n > 0. By Theorem 3.4, there exists a prime filter F of A such that − (✷(✷x→x)→✷x) ∈ F and ✸ n 1 ∈ F . Then, ✷−✸ n−1 1, ✷(✷x→x) and −✷x are in F . Since n is the smallest natural number which satisfies (8),
By assumption, (10) ✷(✷x→x) ≤ ✷✷(✷x→x).
By (9) and (10),
Hence, ✷x ∈ A, which is contradiction. Hence, − (✷(✷x→x)→✷x) ≤ ✸ n 1 holds for any n ∈ ω and x ∈ A. Therefore,
is true at A, for any n ∈ ω. As non-compactness is true at A, ✷(✷p ⊃ p) ⊃ ✷p is true at A. Therefore, ✷(✷x→x)→✷x = 1, for any x ∈ A. Let A ✸ , A nc and A Löb be classes of modal algebras such that:
All of these classes of algebras characterize GL, but they are mutually different:
Proof. A ✸ ⊆ A nc : Take any A ∈ A ✸ and any formula φ. Suppose that φ ⊃ ✸ n ⊤ is true at A, for any n ∈ ω. Then, for any v : Prop → A and any n ∈ ω, v (φ) ≤ ✸ n 1. Since n∈ω ✸ n 1 = 0 holds in A, v (φ) = 0 holds for any v : Prop → A. Therefore, v(φ ⊃ ⊥) = 1 holds for any v : Prop → A.
A nc ⊂ A Löb : Theorem 4.3.
A ✸ ⊇ A nc : Take a Kripke frame F = (ω + 1, >) (see Figure 2 ). Then, Alg(F ) ∈ A ✸ , because
We show that Alg(F ) ∈ A nc : Since F is a transitive frame, ✷ F x ≤ ✷ F ✷ F x holds, for any x ∈ Alg(F ). Suppose that non-compactness is not true at Alg(F ). Then, there exists a formula φ such that (11) ∀n ∈ ω∀v : Prop → P(ω + 1) (−v (φ) ⊆ ✸ F n (ω + 1)) , and there exists u : Prop → P(ω + 1) such that (12) ∅ −u (φ) .
By (11),
for any v : Prop → P(ω + 1), and by (11) and (12),
Now, for each n ∈ ω and each v : Prop → P(ω + 1), we define a map v n : Prop → P(ω + 1) by, for any p ∈ Prop,
Easy induction on the construction of the formulas shows that for any formula ψ and any natural number m < n,
holds. Also, the following claim holds: This contradict to (13). Hence, non-compactness is true at Alg(F ). We show Claim 4.5 by induction on the construction of ψ:
, by definition of v n . Therefore, the claim holds for N = 0. ψ = α 1 ∧ α 2 : By the induction hypothesis, for each i = 1 or 2, there exist N i ∈ ω such that the claim holds for any n ≥ N i and any subformula of α i . Let N = max{N 1 , N 2 }. Then, for any n > N , ω ∈ v(α 1 ∧ α 2 ) ⇔ ω ∈ v(α 1 ) and ω ∈ v(α 2 ) ⇔ n ∈ v n (α 1 ) and n ∈ v n (α 2 ) ⇔ n ∈ v n (α 1 ∧ α 2 ). ψ = ¬α: Take the same N ∈ ω for α. Then, for any n ≥ N , ω ∈ v(¬α) ⇔ ω ∈ v(α) ⇔ n ∈ v n (α) ⇔ n ∈ v n (¬α). φ = ✷α: By the induction hypothesis, there exist N ∈ ω such that the claim holds for any n ≥ N and any subformula of α. First, suppose that ω ∈ v(✷α). Then, k ∈ v(α), for any k ∈ ω. Hence, for any n ∈ ω and any m < n, m ∈ v n (α) by (15). Therefore, n ∈ v n (✷α) for any n ∈ ω. Hence, the claim holds for N . Next, suppose that ω ∈ v(✷α). Then, there exists k ∈ ω such that k ∈ v(α). If n > k, k ∈ v n (α) by (15), and therefore, n ∈ v n (✷α). Hence, the claim holds for max{N, k + 1}.
A nc ⊇ A Löb : Let G = (W, R) be a Kripke frame which consists of the root r and disjoint branches B n for each n ∈ ω, where B n is order isomorphic to (n, <) for any n ∈ ω (Figure 2 ). Then, Alg(G) ∈ A Löb , since G ∈ LF. We show that Alg(G) ∈ A nc : Let φ = ✷ (p ∧ ✷p ⊃ q) ∨ ✷ (q ∧ ✷q ⊃ p) . It is easy to prove that for any Kripke frame (W, R) and any x ∈ W , φ satisfies the following: Then, for any n ∈ ω, ¬φ ⊃ ✸ n ⊤ is true at Alg(G), because, for every v : Prop → W , φ is true at any w = r and ✸ n ⊤ is true at r. However, φ is not true at r. Therefore, non-compactness for ¬φ is not true at Alg(G). 
